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He’s variational method is applied to obtain the soliton solutions of the breaking soliton
equation, where the semi-inverse method is applied to establish a needed variational
functional.
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Consider the breaking soliton equation [1,2]
uxt − uxxxy − 2uxxuy − 4uxuxy = 0. (1)
This equation can be solved effectively by the exp-function method [3–6], the variational iteration method [7–13] and the
homotopy perturbation method [14–16]. In this paper we will apply He’s variational method [17,18] to seek its traveling
wave solution. To this end, we introduce a transformation:
u(x, y, t) = u(ξ), (2)
ξ = λt + k1x+ k2y+ ξ0, (3)
where λ, k1, k2 and ξ0 are all arbitrary constants.
Substituting the transformation Eqs. (2) and (3) into Eq. (1) yields
k1λu′′ − k31k2u(4) − 6k21k2u′′u′ = 0, (4)
where the prime expresses the derivative with respect to ξ . Eq. (4) can be simplified as
λu′′ − k21k2u(4) − 6k1k2u′′u′ = 0. (5)
By He’s semi-inverse method [19,20], we can arrive at the following variational formulation:
J(u) =
∫ ∞
0
[
−1
2
λ
(
u′
)2 − 1
2
k21k2
(
u′′
)2 + k1k2 (u′)3] dξ . (6)
We search for a solitary wave solution in the form
u1 = A tanh ξ, (7)
where A denotes an unknown constant to be further determined.
Substituting Eq. (7) into Eq. (6), we have
J(u1) =
∫ ∞
0
[
−1
2
λA2 sech4 ξ − 2A2k21k2 sech4 ξ tanh2 ξ + k1k2A3 sech6 ξ
]
dξ
= −1
3
λA2 − 4
15
A2k21k2 +
8
15
k1k2A3. (8)
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Making J stationary with respect to A results in
dJ
dA
= −2
3
λA− 8
15
Ak21k2 +
24
15
k1k2A2 = 0. (9)
So, we get
−5λ− 4k21k2 + 12k1k2A = 0. (10)
Solving A from the above equation yields
A = 5λ+ 4k2k
2
1
12k1k2
. (11)
We, therefore, obtain the following solitary solution:
u1 = 5λ+ 4k2k
2
1
12k1k2
tanh ξ . (12)
We can also search for other solitary solutions. For example, we assume that the solution can be expressed in the form
u2 = B sech ξ, (13)
where B is an unknown constant to be further determined.
Substituting Eq. (13) into Eq. (6), we have
J(u2) =
∫ ∞
0
[
−1
2
λB2 tanh2 ξ sec h2ξ − 1
2
B2k21k2 sech
2 ξ + k1k2B3 sech3 ξ tanh3 ξ
]
dξ
= −1
6
λB2 − 1
2
B2k21k2 −
2
15
k1k2B3. (14)
Making J stationary with respect to B,
dJ
dB
= −1
3
λB− Bk21k2 −
2
5
k1k2B2 = 0. (15)
It is not difficult to get the following results:
B = −15k
2
1k2 − 5λ
6k1k2
, (16)
u2 = −15k
2
1k2 − 5λ
6k1k2
sech ξ . (17)
Now we search for the solitary solution in the form
u3 = C sech ξ tanh2 ξ, (18)
with C being a parameter to be determined.
By the same operation as illustrated above, we obtain
C = 11(−1199k
2
1k2 − 213λ)
4368k1k2
, (19)
u3 = 11(−1199k
2
1k2 − 213λ)
4368k1k2
sech ξ tanh2 ξ . (20)
To conclude, we find that He’s variational method is an effective method for searching for various wave equations.
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